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ABSTRACT 

Let  M  be  a  smooth  n-dimensional  manifold  and  let  TM  be  its  tangent 
bundle.  We  consider  a  time  periodic  Lagrangian  of  period  T, 

1^.  :  TM  ♦  R 

and  we  seek  T-periodic  solutions  of  the  Lagrange  equations,  which  in  local 
coordinates  are 


d  3L  .  3L  , 

—  —  ( t ,q,q)  -  ^  (t,q,q) 


1 ,  •  •  •  /  n 


Our  main  result  states  that  if  the  fundamental  group  of  M  is  finite,  then 
(*)  has  infinitely  many  T-periodic  solutions,  provided  that  1^.  satisfies 
certain  physically  reasonable  assumptions. 


AMS  (MOS )  Subject  Classifications:  58E05,  58F05,  70H35,  34C25 

Key  Words:  Lagrangian  system,  tangent  bundle,  infinite  dimensional 

manifold,  critical  point,  cohomology  algebra,  assumption  c 
of  Palais  and  Smale 

Work  Unit  Number  1  (Applied  Analysis) 

Sponsored  by  the  United  States  Army  under  Contact  No.  DAAG29-80^-0041. 


SIGNIFICANCE  AND  EXPLANATION 


"  ^  The  question  of  existence  and  the  number  of  periodic  solutions  of  model 
equations  for  a  classical  mechanical  system  is  a  problem  as  old  as  the  field 
of  analytical  mechanics  itself.  The  development  of  the  nonlinear  functional 
analysis  has  renewed  interest  in  these  problems. 

In  this  paper  we  consider  a  mechanical  system  which  is  constrained  to  a 
compact  manifold  M.  We  suppose  that  the  dynamics  of  the  system  is  described 
by  a  T-periodic  Lagrangian 


1^.  s  TM  ♦  R 

which  satisfies  reasonable  physical  assumptions.  The  main  result  of  this 
paper  is:  If  the  fundamental  group  of  the  manifold  M  is  finite,  then  the 
Lagrangian  nonlinear  system  of  differential  equations  which  describes  the 
dynamical  system  has  infinitely  many  distinct  periodic  solutions. 


/ 


fr\ 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 


PERIODIC  SOLUTIONS  OP  LAGRANGIAN  SYSTEMS  ON  A  COMPACT  MANIFOLD 


Vieri  Band 


INTRODUCTION 

Tha  existence  and  the  number  of  periodic  solutions  of  modal  aquations  for  a  classical 
mechanical  system  is  a  problem  as  old  as  the  field  of  analytical  mechanics  itself.  The 
development  of  the  nonlinear  functional  analysis  has  renewed  interest  in  these  problems  (we 
refer  to  [R]  for  a  recent  bibliography  on  the  subject). 

In  this  paper  we  are  interested  in  periodic  solutions  of  prescribed  period  when  the 
system  is  constrained  to  a  compact  manifold.  This  fact  allows  us  to  use  many  tools 
developed  in  the  theory  of  closed  geodesics  on  Riamannian  compact  manifolds  (cf.  [K]).  He 
now  describe  our  results. 

Let  M  be  a  smooth  n-dlmensional  manifold  and  let  TM  be  its  tangent  bundle.  He 
consider  a  time-dependent  Lagrangian 


t  «  ♦» 

He  suppose  that  is  T- periodic  in  time  and  we  seek  T-periodic  solution  y(t)  e  M  of 

the  corresponding  dynamical  system.  He  fix  a  finite  C  -atlas 
(0.1)(a)  A  "  ...  H  toX  * 

and  the  corresponding  atlas 


(0.1)(b)  TA  "  {TOi'I*t)l-1,...,N  for  ™ 

So  in  local  coordinates,  our  dynamical  system  is  described  by  the  following  system  of 
second  order  differential  equations! 


(0.2) 


d  3L1  3L1 

^  j~  (t.q(t).q(t))  -  ■jj*  (t.q(t).q(r))  -  0 


for  i  -  1, . . . ,n  and  y(t)  e  Bj,  t  -  1.....N 


where 

(0.3)  Lj(t,q»v)  -  tt  •  (T^r’tq.v)  and  (q(t),q(t)>  -  (T*^)?  • 

He  shall  suppose  that  T  ■  1  (if  not  it  is  sufficient  to  rescale  the  time)  and  we  set 
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8  W/%  so  thst  we  can  regard  a  solution  of  <0.1)  as  a  function  y  ,  s1  ♦  M.  Ha  make 

the  following  assumption  on  I. 

(Lq)  is  twice  differentiable  for  i  - 

There  exists  a  constant  c  >  0  such  that 

3L 

<L1>  <a>  *3^  (t,q,v)  |  <  c(1  +  |v|2) 

3L 

(b)  <t,q,v)|  <  c(  1  +  |v|) 


(a>  Vt,q,V>  |  <  c(1  +  |v|2) 


(b)  1  a'„  a„  tt(t,q,v)|  <  c(1  +  | v |  ) 

qJ  j 

32 

<c)  Vt-q.v)!  *  c 


for  i,j  -  and  l  ■I,.,.,*. 

(1*3 )  there  exists  a  constant  v  >  0  such  that 


g  a 

^ij  3^3^"  L<t'q'v,wiwj  *  w|w|2  for  *  " 

For  example  the  Lagrangian  defined  by 

b£(t,q,v)  -  IiJ»Jj<t,q)vtvj  ♦  Iib£(t,q)vi  +  c*(t,q> 

satisfies  a,),  (L-j)  and  (Lj)  if  a*  b*,  c*  e  C2(U£)  and  the  matrix  {a*^(t,q)}  is 
positive  infinite  for  every  t  e  S1  and  q  e  U£. 

We  say  that  a  periodic  solution  of  (0.2)  is  homotopically  trivial  (reap,  nontrivial), 
if  the  map  y  s  S  ♦  M  is  hoeiotoplcally  trivial  (reap,  nontrivial). 

The  main  result  of  this  paper  is  the  following  one 
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0.1  Theorem.  Suppoae  that  aatlaflea  (1^ )  (tj )  (tj ) ,  than 

(i)  tor  each  conluqacv  cUm  of  th>  fundamental  group  of  N  there  axlata  at  least  a 
homotoplcally  nontrivial  periodic  eolutlon  of  (0.2) 

(ii)  if  the  fundamenta  1  group  of  M  1«  finlf .  than  there  exiat  infinitely  aany 
homotoplcally  trivial  periodic  eolutlona  of  (0.2). 

The  reault  of  Ritorw  (0.1)  ia  optimal  aa  tha  following  example  ahowa.  Taka 
H  ■  S1  ■  H/tt  -  <•,•>  where  <• , • >  ia  tha  atandard  Riamanian  atructura  on  81.  Than 
all  the  1 -periodic  aolutiona  of  (0.2)  have  tha  fora  Y(t)  “  rt  (r  e  S) .  Since 
Vj(sS  -  s,  thie  simple  example  ahowa  that 

(i)  to  each  conjugacy  claaa  of  aay  corraapond  only  ona  periodic  eolution 

of  (0.2). 

(ii)  if  (M)  ia  infinite  we  any  not  have  any  haautopically  trivial  periodic 
aolution  of  (0.2). 

By  Theorem  0.1  the  following  corollary  followa 

0.2  Corollary.  If  M  la  a  Lie  group  (or  more  in  aeneral  a  H-apace)  then  0.2  haa 
infinitely  many  periodic  aolutiona. 

Proof ■  Under  our  aaaumptiona  *1 (M)  ia  an  Abelian  group.  Then  if  it  ia  infinite,  the 
concluaion  followa  by  Theorem  0.1  (i) >  if  it  ia  finite,  the  concluaion  followa  from  Theorem 
0.1  (ii). 


We  thank  E.  Padell  and  J.  Bobbin  for  many  ueeful  converaationa  on  thia  topic 


1.  DESCRIPTION  OP  THX  FUNCTION  SPACES  OSSD 

Let  H  be  a  smooth  compact  Manifold  of  dimension  N  and  let 
s’  -  */*  -  [0,1]/{0,1}.  For  a  e  (1/2, +•]  we  aet 

A*M  -  H*(S  ^ ,M) 

where  H*(  s\m)  denotes  tha  Sobolev  apace  of  functions  y  :  S1  ♦  M  of  order  S.  Since 
there  exists  n*  such  that  H  C  rf*  ,  the  easiest  way  to  define  W*(8^ ,M)  probably  in  the 
following  one: 

H*  (S1  ,N)  -  {ye  w'fs’.W1' )|y(t)  e  N  for  every  t) 

He  remark  that  the  above  assumption  makes  sense.  In  fact  since  s  >  1/2,  by  the  Sobolev 
embedding  theorem,  the  function  in  H*(s\m)  are  continuous.  If  s  <  1/2  there  is  not 
any  reasonable  definition  (cf.  e.g.  (A] ). 

w*(s1,M)  can  also  be  defined  using  the  atlas  (0.1)(a).  He  say  that  y  0  H*(S  ,M)  if 
for  every  interval  t  c  S1  such  that  y(T)  e  U^,  we  have  that 

♦l*ylT  :  t  ♦  Rk  is  a  function  in  H*(S  ’V):  e  A 

Palais  has  shown  that  the  two  definitions  are  equivalent  [Pa] .  Ha  will  be  interested  in 
the  two  cases  when  a  ■  1  or  a  -  In  these  cases  we  aet 

a'm  -  w1 (S1 ,M)  -  function  with  ‘square  integrable  derivative" 

and 

m  «x>  1  **  1 

A  M  ■  w  (S  ,M)  »  c  (S  ,M)  -  functions  continuous  with  all  their  derivatives. 

It  is  well  known  that  A1m  is  a  Hilbert  manifold  (cf.  e.g.  [Pa],  [K] ,  [A]).  He  also  need 
to  use  the  space  C(s',M)  of  the  continuous  functions  y  :  S1  ♦  M.  He  shall  use  the 
following  notation 

AM  -  CtS^M) 

It  is  well  known  that  Am  is  a  Banach  manifold  (cf.  e.g.  [K] ) .  Now  consider  the  tangent 
bundle  TO  — >  M.  For  s  e  (1/2,-)  and  r  <  8  define 

TrA*M  «  {£  :  S1  ♦  TO  :  5  is  a  vector  field 
of  class  H*  along  a  curve  y  e  A*m} 

If  we  define  a  map  w  :  TrA*M  ♦  A8M  as  follows 

(»5)(t)  -  *($<r)>  for  a.e.  t  e  S1 
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it  follow*  that  {TrA*M,», A*m}  is  a  (infinite  dimensional)  vector  bundle  over  A*M  (cf. 

(K)  or  [A]  for  proofs  and  details).  In  particular,  for  r  “  s,  we  obtain  the  tangent 
bundle  of  A*M.  In  this  case  we  shall  write  simple  TA#N.  Also  we  shall  use  the  following 
notation 

T*A*M  •  li)  \  *  ((  i  s'  ♦  (I  (  is  a  vector  of  class  Vp  along  t) 

T  A%  ■  <w)  \  -  {£  :  S1  ♦  M|  £  is  a  vector  of  class  H®  along  y) 

Similarly  we  define 

TAm  »  {£  :  S  ♦  M|  £  is  a  continuous  vector  field  along  a  curve  Y  e  Am} 

T*A®m  ■  {£  :  S  ♦  M|  £  is  a  continuous  vector  field  along  a  curve  Y  6  A*m}  s  >  1/2 

By  well  known  theorems  on  Sobolev  spaces,  we  have  that  the  embeddings. 

T^a'm  —  >  T*A^M  —  >  tVm  are  continuous  and  the  first  one  is  also  compact  (for  detail 

sea  e.g.  [K]  or  [A]  ).  In  order  to  make  easier  the  computation  in  the  following  sections 

it  is  useful  to  introduce  a  Riemann  structure  <  ,  >  on  M.  This  structure  permits  to 

0  1  11 

define  Hilbert  structures  on  T^A  M  and  T^A  M  as  follows 


<£,»»„  -  /  <£<t),n(t)>Y(t)dt  £,n  e  t®a’m 

1  , 
<£,71^  -  /  - vtn(t,>Y( t)  +  <£<t),7i(t)>T(t)}dt  £,71  e  M 


where  denotes  the  covariant  derivative.  He  shall  use  also  the  following  notation 

»e«0  -  <£,£>’/*(C  e  T®a’m)  and  l£l,  -  <£,£>’/2(£  e  T^M) 

He  also  define 

•  £!,-[  sup  <£(t),£(t)>  ] 1/2  for  £  e  r  AM 

*  te(o,i )  Y 

The  above  definition  allow  to  define  the  following  distances  on  aV 

'  . 

dlst1(Y.,Y,)  “  min  J  I0(l)l^dl 

Sea  0 


1 

distjj(Y.  ,Y-)  *  "in  /  lid)  Igdl 
BeB  0 
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where  B  is  the  set  of  curves  8  < X )  of  class  C1  joining  Y1  and  Yj  an<5 

S(M  -fje  . 

It  turns  out  that  a'm  is  a  complete  metric  space  with  respect  to  the  distance  d^ (•»•)• 
Actually  it  is  an  infinite  dimensional  Riemann  manifold  with  respect  to  the  Riaaann 
structure  and  the  topology  induced  by  this  metric  is  the  same  given  by  the 

definition  (cf.  (K]  for  proofs  and  details). 

Me  also  define  for  YjfYj  ®  AM 

1 

dist,(Y,#Y,>  “  Bln  /  190)1, dl 

gea  o  * 

where  I  •  {I  «  c’clO.IJ.AM)  s  9(0)  -  Y1»9(1)  -  Y2K 

As  expected  it  turns  out  that  Am  is  a  complete  metric  space  with  the  distance 
diet, (Yj /Yj)  and  the  topology  given  by  this  metric  is  the  uniform  convergence  topology. 

By  virtue  of  the  compactness  of  the  embedding  A^M  — >  AM  the  following  result  holds 
(see  [Kl  for  details). 

Lenta  1.1.  If  {y  1  is  a  sequence  in  A^,  bounded  with  respect  to  the  metric  d, (•,•), 
-  1  n  * 

then  it  has  a  subsequence  converging  in  AM. 
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+  3^3^  1-,<t.q.q,«q1«qj}at 
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and  the  following  Inequalities  are  satisfied 

(2 . 13)  gJ(q)(Sq)2  <  c  (|x  |  +  iqi2  )iiqi  , 

1  1  *  wV^r")  wVj.R") 

(2-14)  q:<q)(«q)2  <  C_< | T, |  +  lq|2  )!6ql  , 

*  2  *  w\Tt.Rn)  W1(Tt,Rn) 

where  and  c2  dapand  only  on  the  constant  c  appearing  In  (Lj)  and  |x^|  la  the 

measure  of  x^.  Moreover  If  (Lj)  holds  we  have 

(2.15)  g;(q)[6q]2  >  al«q,|2,  -  b( | X, |  +  Iq, I2 ,  )t«qV 

1  ‘w’lXj,*")  1  ‘  w'lXj.R")  *  L*(Xt,Rn) 

where  the  conetante  a  and  b  depend  only  on  the  conatanta  c  and  v  appearing  In  Lj 
and  Lj. 

Proof.  Clearly,  (2.11)  and  (2.12)  hold  formally.  Therefore  we  just  have  to  prove 
Inequalities  (2.13)  and  (2.14).  In  the  following  Cj,  c^,...  will  denote  suitable 
positive  constants.  By  (IjHa)  we  have 


(2.16) 


By  (L^Hb)  we  have 

(2.17) 


if  J—  Sq.dtl  <  c  /  (1  +  |q|)|5q|dt 

Tt  1  Tl 

2  1  /2 

<  c(|Xj|  +  Iql  ^ )(/  |Sq|  )  (by  Schwartz  inequality) 

w  xt 

<  c4( I T£|  +  Iq121)l«ql  1 
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By  (2.16)  and  (2.17),  (2.13)  follows. 
By  (L2)(a)  we  have 


(2. 18) 


1/ 


{  <  c{  11  * 
i  J  i 


<  c( I T  I  +  lql2.)l«ql2. 
x  W  L 


lq|2)|«q|2dt 


By  (L2)(b)  we  have 


(2.19)  2  |/ 


32l 


/  a_  v  *qt*q^t|  <2 c  /  (1  +  Iq 

T  3  T 


|q|)|Sq||«q|dt 


<  2cl4ql  m(f  (1  +  )q  |  )2dt)  (f  liq^dt)1^2  (by  Schwarts  Inequality) 


L  T. 


<  c4(|x  |  +  Iql  )• I6ql  — • I Sql  , 
W  L  W 


By  ( L j ) ( c )  we  have 


1/ 


32L 


l  sTTT  *  c,s«'  i 

t*  *  3  *• 


By  the  above  inequality,  (2.18)  and  (2.19),  (2.14)  follows. 
By  (Lj)  we  have 


hj  I  iHr  5^i^jdt  *  v  /  |S^|Z  “ 

T*  1  j  Tt 

=  vl«q|2  -  I4ql2  >  VI  6ql 2  _  -  liql2^ 

w'  u  w1  l" 


By  the  above  inequality,  (2.19)  and  (2.18)  we  have 
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(2.20) 


gj(q)!«q)2  >  VlSql2  -  ISql2^  -  c  (|t  |  ♦  Iql  )l4ql  JAql 
W  L  H  L  M 

-  c( | T  |  ♦  Iql2 .JISql2. 

W  L 

Since 

c.lli.l  +  Iql  . ) I4ql  ,.l6ql  .  <  |  I4ql2  ♦  "  c2(|t  |  ♦  Iql  )2|4q|2 
H  L  W '  *  W  *  *  M  L 

<  j  I4ql2  ♦  c_( | T.|  +  Iql2. ) I4ql2 
W  *  W  L 

2 

(He  have  used  the  fact  that  I t^I  <  | |  <  1).  By  the  above  inequality  and  (2.20)  we  get 

gj(q)[«q]2  >  J  I4ql2  -  (1  +  c,  ♦  e) ( I T  |  +  Iql2  )l4ql2„ 

W  *  W  t 

By  the  above  inequality,  (2.14)  follows.  □ 

2  1 

Lenaa  2.3.  the  functional  f  defined  by  (2.1)  is  a  C  -functional  on  A  M.  Moreover  if 
q^,  is  a  local  A-representatlon  of  Y  and  5  we  have 

(2.21)  f(Y)tCl  -  Itg;(qJtH4q]l) 

(2.22)  *-(Y)(C]2  -  It  g;(qt)[4qt]2 

where  g^  is  defined  in  le»a  2.2 

Proof.  Let  8(A)  (1  (  (u  •  e,u  *  e),e  >  0)  be  a  C1 -curve  in  A^H  such  that 
8(0)  »  i,  ^  B < X)  ■  C  and  let  q^,  Sq^  be  a  A-local  representation  of  Y  and  t. 

Then,  using  (2.9)  and  lemma  2.2  we  get 

htmx”\x-o 

^5f(B(A))|XH,-Itn,qil)l4qt]2 

The  above  formulas  prove  (2.21)  and  (2.22).  □ 

In  car ring  out  our  estimates  on  the  functional  f  it  is  useful  to  make  use  of  the 
Riemann  structure  <,>  on  M  which,  as  we  have  seen  in  Section  1,  induces  a  Infinite 
dimensional  Riemann  structure  <•,•>  on  aV. 
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(2.20) 


9;(q)t«<l]2  >  vlfiql2  -  iSql2,  -  c.(|t  |  ♦  Iql  ,)l4ql  J«ql  , 

*  W  L  W  L  W 

-  C(|T  |  +  lql21)«Sql2il 
W  L 

Sine  • 

W  *  '-i1  i,,4<51  i  *  2  ,4<»,2i  ♦  ^  c2<|Tt!  +  »*'  1»2»4***2. 

W  L  W  If  If  L 

<  £  l«ql2,  ♦  c.( I T  |  +  lql21)l«ql2. 

2  w1  5  1  w  L 

2 

(tie  have  used  the  fact  that  |  |  <  |  |  <  1).  By  the  above  inequality  and  (2.20)  we  get 

g;<q)[«q)2  >  |  ««ql2  -  (1  +  o.  +  c) ( I T  |  +  Iql2  )l«ql2„ 

*  tt  L 

By  the  above  inequality,  (2.14)  follows.  □ 

2  1 

Lenaa  2.3.  The  functional  f  defined  bv  (2.1)  is  a  C  -functional  on  A  M.  Moreover  if 
q  ,  fiq^  la  a  local  A-rapresentatlon  of  Y  and  £  we  have 

(2.21)  f'(Y)(51  - 

(2.22)  f"(Y)[Cl2  -  It  gJtqjJtSqj)2 

where  g  is  defined  in  la— a  2.2 

Proof.  Let  6(1)  (A  «  (u  -  e,u  ♦  e),C  >  0)  be  a  C1 -curve  in  AM  such  that 

6(0)  -  y,  “r  6(1)  *  C  and  let  q,,  6q,  be  a  A-local  representation  of  Y  and  5. 
dA  l  l 

Then,  using  (2.9)  and  lemna  2.2  we  get 

!x*(#<i>)|a-o  -  Wv1**1 

^jf(6<A))|i^-Itq-t(qt)t«qt]2 

dA 

The  above  formulas  prove  (2.21)  and  (2.22).  □ 

In  carring  out  our  estimates  on  the  functional  f  it  is  useful  to  make  use  of  the 
Riemann  structure  <,>  on  M  which,  as  we  have  seen  in  Section  1,  induces  a  Infinite 
dimensional  Riemann  structure  on  A  M. 
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We  above  Inequality  can  ba  written  as  follows 


L ({)  >  —  <t,t>  ~  b .  for  every  Jew 
t  a1 

Taking  if  (  AN,  {  *  Yi  Integrating  by  the  above  Inequality  we  get 

f  (Y)  -  /  L„<*(t))dt  >  7-  /  <  f,  *  >  dt  -  b.  -  7-  E(Y)  -  b 

.1  1  a1  1 

8  S 

The  other  Inequality  can  be  obtained  In  an  analogous  way*  □ 

We  following  lasaa  establishes  estlnates  between  Intrinsic  quantities  and  the 
corresponding  quantities  given  by  a  A-local  representation. 

La— a  2.5.  Let  y,  J,  q»  q,  6q,  4q  as  In  Definition  2.1.  Wen  there  exists  a  constant 
M  depending  only  on  A  and  <*,•>  such  that 


(2.25) 


f  Iql2  <  M(1  ♦  B(Y)) 

1-1  w'jT  ,rf*> 


(2.26) 


(2.27) 


I iql  _  <  Mljlt  1  -  1,...,p 

L*(T1#Fn)  * 

l  ,S<*,21  n  >  Z  '?•«  -  H1(Y)KI? 

1-1  w’dj.R”)  *  1  # 


Proof.  By  (2.3)  we  have  Iq^tt)  |  <  c1  for  every  t  e  tj  (1  ■  1,...,p).  Wen 

(2.28)  Iql  ,  „  <  lt,|c 

.  2 .  _n .  x  1 

L  (T^pR  ) 


Since  the  atlas  (0.2)  Is  finite  there  is  a  constant  c2  such  that 

!qt(t)|2  <  c2gJj(qi(t))q^1qt>J  1-1 . . 

where  g^  is  the  —trie  tensor. 


Wen  we  have 


(2.29) 


f  /  lqtl2dt  <  c  f  J  gj,(q)qt  tq, 

£-1  T  1  2  1-1  T  1,1 


C,  f  /  <f#Y>  -  C,I(Y) 

1-1  Tt 
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By  (2.28)  m4  (2.29),  (2.25)  follows 


e-<T>  IC12  >  |  «C«5  -  M»(Y)iC«5  -  ttlieij  lt  ( I  Tgl  ♦  lqtl  ,  ) 

If  (tjll  ) 

>  *  151*  -  ♦  Wl(lj(1  +  M(  1  ♦  *<  Y) ) ) 

-  *  ie«2  -  (m  +  «.2)»(y)kiJ  ♦  (bn  ♦  M2)i(i| 

Hi*  conclusion  follows  with  Sj  -  ~  and  bj  “  aex(b,1)(M  +  M2).  □ 

IfflBS  2.7.  Lst  0  j  [0,1]  ♦  a'h  bs  s  curvs  of  class  C1.  Thsn 

(s)  |j«(0(X))  <  »(0(X))1/2I0(X)I1 

(b)  |j  *(0(X))1/2  <  I0(X)I1 

1  \n  1 

(c)  /  «(0(X))1/2dX  <  d.  whsrs  d  -  J  li(X)l.dX 

0  B  8  0  1 

(d)  /«(0(O))  -  /■(0(1>)  <  dlst1(0(O),0(1))  <  dg 

(a)  10  (YnJ  Is  s  sequence  such  thst  t(YB>  Is  bounded,  thsn  there  Is  s  subssousnes 
Y^  converging  In  AH. 

Proof,  (e)  Osflns  <  «  [0,1]  *  s1  ♦  aV  ss  follows 

0(X,t)  -  l0(X))(t) 

thsn  ws  haws 

4b<0(x»  -5  lx  J1 

1 

“  /  <0.0  0,0  0>dt  ( V.  dsnotss  the  covariant  derivative) 

0  A  t  t  A 

<  (/  <V.0  0,P.0  0>dt)1/,2,(J  <3  0,*^#>dt)1^2  (by  the  Schwsrts  Inequality) 

0  *tAt  0tt 

<  2lS(X)l1.*(0(X))1/2 

(b)  follows  directly  by  (a). 

(c)  follows  Integrating  (b) 

(d)  follows  by  (b)  and  the  definition  of  dlst^(*,*) 


IS 


(•)  by  (d)  we  gat  that  tha  sequence  (y  }  it  bounded  in  tha  metric  <•«•>,.  Iha 

n  I 

conclusion  follows  by  Isms  1. 1.  □ 

Let  T0  and  Y,  C  a'm  two  curves  such  that 

(2.33)  VW  <  p 

where  p  is  small  enough  in  order  that  the  Rlamann  sphere  8^(x)  is  geodesically  convex 
for  every  x  C  M.  By  virtue  of  the  compactness  of  M  and  a  well  known  theorem  of  J. 
Whitehead  such  p  exists,  let  Si  [0,1]  >  8^  N  be  a  function  such  that 
(a)  «(0,t)  -  T0<t)»  6(1,0  -  Y, (t) 

(2.34)  (b)  X  ♦  6(1, t)  is  the  shortest  geodesic  joining  YQ(t)  and  Y,(t) 

paraaetriaad  with  tha  arc  length 

By  our  asaumption  on  p,  4  la  well  defined.  The  f»r  tion  6  definee  a  c' -curve 
0>  (0,1)  ♦  a'm  in  a  natural  way 

(2.35)  <0<X))(t)  -  «(X,t> 

Lemma  2.B.  Let  0  be  the  curve  defined  by  (2.35),  Then 

10(1)1,  <  (1  ♦  aQd|)dg  for  every  X  e  tO.D 

1 

where  0(X)  -  $(X),  d#  -  dist#(Y0,Y,>.  dg  -  /  l&(X)l,dl  and  ag  is.  a  constant  which 

depends  only  on  the  Riemann  manifold  (H, <«,*>). 

Remark,.  In  a  linear  apace,  where  the  tangent  apace  can  be  identified  with  the  apace  itself 
we  have  0(X)  ■  (1  -  X)y0  ♦  Xy,«  Then  00(1)1,  “  Iy,  “  YqI,  “  d^.  Lemma  2.0  says  that 
10(1)1,,  in  our  situation,  is  not  equal  to  d^,  but  it  can  be  nicely  estimated. 

Proof.  By  (2.34)(b)  it  follows  that 

(2.36)  V^J^MX.t)  “  0  for  every  t  !l' 

(2.37)  <3^0,*^S>  «  dist(Yg(t) ,Y,(t))J  *  d*  for  every  t  e  B1 

we  have 
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(2.38) 


d_ 

dl 


•  6<X )  1 1 


1/2  d_ 

■  0(X)8 1  " 

1/2  d_ 

•Stxji,  " 


•S<X)i ,  o 


•Saji,  o 


■B(X)l|  - 
1 

/  {<7t*A4'7t*X4>  *  <8x«»*x«>><*t  - 

{<7x7t3x4'7x3t4>  +  <7x8x4'ax4>)at  ■ 

<7X7t3X4,7X3t4>dt  **  (2*36) 


By  a  wall  known  formula  of  Rlaaannlan  gaoMtry,  If  v  la  any  vactor  field  along  4,  we 

have 

(2.39)  VxVtv  -  VtVxv  -  R4(8t6,8x4)v 

where  R  la  the  Rleaann  curvature  tensor.  Moreover  since  our  manifold  M  is  compact, 
there  exists  a  constant  aQ  such  that 

(2.40)  <R<V1'V2,V3'V4>  <  aglVjl^lVjI'IVjl*!^! 

where  Vj  t  IN  and  Iv^l  *  <v1»v1>*  By  (2.38),  applying  (2.39)  with  v  »  3^4  we  get 

(2.41)  |~r  80<X)8,|  <  — * -  1/  {<V  V.  3, 4,V  3,4>  -  <R(3,.4,3,4)3.  4,V.  3  4>)dt| 

“  1  18(1)1,  0  t  *  *  t  X  t  *  *  *  t 


<  - 2 -  /  13  4I«I3.4I2*IV,3  4ldt  (by  (2.36)  and  (2.40)) 

■*(!).,  *  X  Xt 

<  (/  <3t4l2dt)1/2»(/  ,7x3t*,2dt)1/2 

ii(i)i,  *  e 

(by  (2.37)  and  the  Schwartz  inequality) 

2  1/2  • 

<  a0d‘«(B(X>)  (by  the  definition  of  18(1)1,  and  B(8)> 


By  the  above  formula  we  get 


I8(X)I1  -  l  §  (u )  ■  1  <  1/  IBUll^dt!  < 

u 

<  «0dj|  /  *(6(X))1/2dX  <  «0djd6  (by  Lama  2.7(e). 
Then,  Integrating  the  above  formula  In  du  we  get 

'*(*>' 1  -  d„  «  v5d„ 

which  proves  the  lem .  □ 
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3.  THE  TOPOLOGY  OF  a’k 

The  topology  of  A 'm  Is  strictly  related  to  the  topology  of  AMi  in  fact  we  have  the 
following  theorem 
Theorem  3. 1 .  The  embedding 

1  t  a’m  ♦  AM 

Is  a  homotoov  equivalence. 

Proof.  See  [K]  Th.  1.2.10.  □ 

For  our  purpoees,  by  virtue  of  Theorem  3.1  it  is  enough  to  study  the  topology  of  AM. 
He  have  the  following  results  of  Vigue-Poirrler  and  Sullivani 
Theorem  3.2.  If  VjfM)  “  0  there  exists  an  infinite  set  of  positive  Integer 

fi  c  M 

such  that 

Hq(AM)  *  0  for  every  q  e  Q 
where  Hq(AM)  Is  the  cohomology  ring  with  real  coefficients. 

Proof.  If  the  cohomolgy  algebra  H*(M)  requires  at  least  two  generators,  then  the  result 
follows  from  the  main  theorem  of  [V.P.S.]  on  page  637. 

If  H* (M)  has  only  one  generator,  the  result  follows  from  the  Addendum  of  [V.P.S]  on 
page  643.  □ 

By  the  above  theorem  and  theorem  3.1,  the  following  corollary  follows 
Corollary  3.3.  Under  the  same  assuaptlons  of  theorem  3.2 

H^tA^M)  *  0  for  every  q  6  Q 

Now  let  p  >  0  be  nail  enough  In  order  that  the  Riemann  sphere  Sp(x)  is  geodesically 
convex  for  every  x  0  M.  Me  set 

(3.1)  e  -{ye  A^m|*(y)  <  c> 

C 

The  following  result  holds. 

Theorem  3.4.  Ec  Is  homotoplcally  equivalent  to  a  manifold  M  of  dimension  less  or  equal 
to  (dim  M)(^  ♦  l). 

Proof.  The  proof  is  essentially  the  same  of  the  proof  of  Theorem  16.2  of  Milnor  (Ml . 
Actually  Instead  of  using  the  manifold  aV,  he  uses  the  (non-complete)  manifold  of  broken 
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geodesics,  but  its  proof  can  be  adapted  to  our  situation  without  major  changes.  We  shall 


give  a  sketch  of  it.  Let  S^{ x)  be  the  Riemann  ball  of  radius  p  and  center  x.  By 
virtue  of  the  coaipactness  of  M  and  well  known  theorems,  it  is  possible  to  choose  p 
small  enough  in  order  that  S^tx)  is  geodesically  convex  for  every  x  e  M.  We  now  set 

E  *  {y  e  t  |y|,.  .  ,  is  a  geodesic  for  i  “  1,...,N> 

c  c  |  (ti_1  ,t^J 

i  rc  /c 

where  t,  •  —  and  W  satisfies  —  <  N  <  —  +  1.  Notice  that,  by  virtue  of  our 
IN  P  P 

restriction  on  N,  if  Y  *  8  ,  Y(tt.  , ,t.])  is  contained  in  S  (x)  for  some  x  e  M. 

C  1-1  1  p 

Now  we  want  to  show  that  8  is  a  finite  dimensional  manifold.  To  do  this  we  set 

c 

A  ■  {(x1,...,xH)  e  MN|dist(xi_1,xi>  <  p  i  ■  1 , • • • ,N> 
and  consider  the  map 

w  !  A  ♦  8 

c 

defined  as  follows 


*(x1,...,xll)  -  Y  with  Ytt^ )  ■  Xj^ 

This  map  is  obviously  continuous  since  *1-1  and  belong  to  S^( x)  for  so me  x  e  M 

and  since  S^(x)  is  geodesically  convex,  the  (unique)  geodesic  which  join  x^_^  and  x^ 
depends  continuously  on  x^  and  Moreover  it  is  Invertible,  in  fact 

w-1(Y)  *  (Y(t1),...,Y(t{)))  . 

This  proves  that  Bc  is  a  manifold  of  dimension  (dim  M)  •  ( [~]  ♦  l)  where  [a]  denotes  the 
integer  part  of  a.  The  next  step  will  be  to  prove  the  8^  is  a  deformation  retract  of 
Bc.  The  retraction  r  :  [°»  jj]  x  ®c  *  defined  as  follows 

f  the  unique  geodesic  joining  Yft^)  with  Yft^  ♦  A)  for  t  e  [t^.t^  ♦  1) 


r(A,y) (t)  - 


[  Y(t)  for  t  e  (tt  ♦  A,t1+1l  l  -  0,  •  • . ,N  -  1  . 

If  you  remember  that  t.  •  ~,  the  above  definition  makes  sense  for  A  e  [o,  ~] .  Clearly 
IN 

r(0,y)  »  y  and  r(~,  t)  e  8^ .  Moreover,  it  is  easy  to  see  that  r  is  continuous  in 
[o,  x  A^M  and  it  is  equal  to  the  identity  for  y  8  8^.  This  proves  the  theorem.  E 

By  Theorem  3.4  the  following  conclusion  follows  straightforward. 

Corollary  3.5.  n*<*c)  “  0  for  k  >  (dim  M)[^  +  t]. 


4.  TOt  MAIN  RESULTS 


We  recall  tha  wall  known  asauaptlon  (c)  of  Palaia  and  Snala  (which  will  call  P.3.) 

Daf inltlon  4. 1 .  Let  X  be  a  Rlemann  Manifold  modallad  on  an  Hilbert  apace  and  lat 
f  e  (X,B) •  We  aay  that  (X,f)  eatlaflas  P.S.  if  any  aeauence  tn!l  auch  that 
f(Yn>  ♦  c  and  Vf(Yn>  ♦  0  haa  a  converging  subaequence. 

Tha  above  condition  ia  used  to  prova  the  following  wall  known  theorem : 

Theorem  4.2.  Lat  {X,f}  aatiafv  P.S.  and  lat  T  be  a  family  of  subsets  of  X  auch  that 

(a)  A  e  T  auch  that  f|A  la  bounded  from  above. 

(b)  ¥  A  e  r  f|A  >  const. 

(c)  _if  n  la  a  deformation  of  X,  (l.e.  it  la  a  homeomorphlam  on  X  homo  topic  to 
tha  identity)  then  ACT  if  and  only  if  n(A)  e  T. 

Ondar  auch  aaeumptlon 

e  -  inf  sup  f(t) 

acm  yeA 

la  wall  defined  and  it  la  a  critical  value  of  f . 

Our  goal  la  to  apply  theorem  4.2  to  the  couple  {A\l,f}  where  f  is  defined  by 

(2.1) .  The  first  atep  is  to  prove  the  following  lemma. 

Lemma  4.3.  uVf}  eatleflee  P.S. 

Proof.  First  of  all  we  remark  that  Vf ,  given  by  the  formula 

<Vf(Y).5>,  -  f(Y)lC) 

ia  well  defined  and  continuoue  by  lemma  2.3.  Now  let  (y  }  be  a  sequence  such  that 

n 

(a)  f(Y  )  ♦  c 

n 

(4.1) 

(b)  Vf (y  )  *  0 

n 

By  (4. 1 ) (a)  and  lemma  2.4,  it  followa  that  K(y  )  is  bounded.  So  by  lemma  2.7(e),  we  can 

n 

consider  a  subsequence  which  is  a  Cauchy  sequence  in  AM.  He  shall  denote  this  subsequence 
again  with  Yn«  We  want  to  show  that  <Yn)  is  a  Cauchy  sequence  in  a'm.  We  chose 


e  >  0  and  N  large  enough  in  order  that,  for  m,n  >  N  we  have 


(4.2) 


(a)  IVf<Y  )l  <  7^- 
n  4a, 


(b)  <y  VV  <  «ln(p,  /^\  / a2b2(E  +  ,)'  4  /a^bj 


where  E  »  sup  KlT^);  p,  aQ,  a 2  and  b2  are  the  constants  appearing  in  (2.33)  and  la 
nea  1 

2.8  and  2.6.  Now  let  8  :  [0,1]  ♦  A  M  be  a  curve  defined  by  (2.35)  and  (2.34  with 

1 

8(0)  *  y  and  8(1)  «  y  .  Moreover  set,  as  in  lemma  2.8  d.  ■  f  18(1)1. dl  and 
n  m  Pis 


d.  «  dist„(Y  ,Y  )•  Clearly  we  have 

#  w  n  m 


IB(X)I#  -  d# 


and  by  lemma  2.6  we  have 
(4.2'  ) 


f "(B( X ) ) (6(1 ) i 2  >  16(1)1*  -  b2d^(1  +  ■(6(1)))  . 


So  we  have 


2  f  •  2 

(4.3)  d_  <  J  I0(X)I  dX  (by  Schwartz  inequality) 

P  n  1 


</  (a,  f(B(X))  t  a,b  d^(1  +  «(6(X)))|dl  (by  (4. 2* ) ) 

0  ^  dl^  * 


<  a2(|<Vf(Ym).B(0)>|  +  |<Vf(Ym),8(1)>l)  +  a^djj  +  «2b2d#  /  *<8(X))dX 

(by  an  Integration  in  X) 


Also  we  have 


(4.4) 


»  ( | <Vf ( Y  )  ,8(0 ) >|  +  | <7f (Y  )  ,8(1 )> I  )  < 

£  m  m 


4  a_  ( I  Vf 1  (Y  )l  •  10(0  )l  ♦  lVf(y  )I*10(DI)  < 

2  n  m 

<  2a2  •  •  (1  +  aQdjj)dg  (by  (4.2)  (a)  and  lemma  2.8) 


<  ft  •  dg  (by  ( 4. 2 )  ( b) ) 


Also  we  have 


<  i  d2a  +  e 
4  8 
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(4.5)  «(8<X))  -  M(y  )  +  J  fr  «(0(T) )dT 

n  o  d* 

1/2  • 

<  E  +  2  /  E(  8 ( t ) )  '  1 8  (t )  I  dr  (by  ltM  2.7(a)  and  tha  dafinltion  of  B) 

0 

1 

<  B  +  2(1  ♦  and?)d4  •  /  B(8(T))1/2dT  (by  Iona  2.8) 

0  *  P  Q 

<  E  ♦  2(1  +  «0dj)d2  (by  lemma  2.7(c)) 

<  E  ♦  4d2  (by  4.2(b)) 


So  by  (4.3),  (4.4),  (4.5)  and  (4.2)  we  gat 

d0  <  «  dS  +  E  +  “2b2d2.  +  «2b2d2#'  +  d*2b2d#b8  4  4  &\  +  3‘  *  4  dJ 

Thus 

d8  4  6e 


1  d2 
2  dB 


♦  3e 


Since  d„  >  dist.ly  ,y  ),  by  tha  arbitrarinass  of  e  tha  conclusion  follows.  Cl 
p  inn 

For  any  set  A  C  i'll  let  i  A  ■»  a'm  denote  tha  natural  embedding  and  let 
It  1  It 

i*  :  H  (Am)  ♦  H  (a)  induced  homomorphism.  Let  0  be  tha  sat  defined  in  Theorem 

K  t  A 

3.2.  Then  for  every  k  e  Q  we  set 

(4.6)  r"  ■  (»  «  a'mUJ  4  0} 

Kf  A 


Theorem  4.3  If  n^M)  ■  0,  for  every  k  e  C,  the  number 

c  "  inf  sup  fly) 
MT*  y« 


is  well  defined  and  it  is  a  critical  value  of  f .  Moreover , 


(4.7)  lim  c.  -  +*• 

kec  k 

k*+« 


Proof .  In  order  to  prove  the  first  part  of  the  theorem,  it  is  sufficient  to  apply  Theorem 
4.2  with  X  *  a'm.  {A^.f}  satisfies  P.S.  by  lemma  4.3.  By  corollary  3.3  it  follows 
that  the  sets  r  (k  e  H)  are  not  empty  and  contain  compact  sets  (in  fact  they  contain  the 
support  of  k-chains  which  are  not  homologous  to  a  constant).  Then  the  assumption  (a)  of 
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Theorem  4.2  is  satisfied.  By  virtue  of  lemma  2.4,  f  is  bounded  from  below  on  a'h.  Then 
assissption  (b)  follows.  Assumption  (c)  follows  frcn  the  fact  that  n  Induces  a 
isosK>rphisa  n*  which  Bakes  the  following  diagram  to  commute: 


So  i£  .  -  (n*)  *  i?  ,  *  0  1*  and  only  if  1J  *  0.  So,  by  Theorem  4.2,  the  first 

K  #  ill  A I  Kf  A  A 

part  of  Theorem  4.3  follows.  In  order  to  prove  <4. 7),  we  fix  k  e  Q,  e  >  0  and  we  take 
_k 

A  e  T  such  that 

sug  f(n)  <  c.  e 

yeA 

For  y  e  A,  by  lemma  2.4,  it  follows  that 

*(Y)  <  a2f(y)  +  b2  -  a2(ck  +  e)  ♦  b2 

-  \ 

So,  setting  c  ”  a_(c,  +  e)  +  b_,  we  have  that  A  — >  E  where  E  is  defined  by 
2  k  2  c  c 

(3.1).  Then  tie  obtain  the  following  commutative  diagram 


Hk(E  ) 
c 


where  i  :  E  ♦  A^H  is  the  embedding.  Since  A  e  r\  1-  ,  ♦  0|  then  i*  *  0. 
2  c  A  t  X  1 

Therefore  hNe^  *  0.  Then  by  Corollary  3.5  it  follows  that 

k  <  dim  m(^  ♦  l) 

P  ' 
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Than  by  tha  definition  of  c,  we  obtain  that 

*2  2 

>  - —  p  -  M  (M  la  a  positive  constant). 

(dla  M) 

This  proves  (4.7).  □ 

Proof  of  Theoresi  0.1.  (a)  A  connected  coaponent  of  AM  corresponds  to  every  conjugacy 
class  a  of  n^tM)  and  by  virtue  of  ttieorem  3.1,  a  connected  conponent  C(a)  of  a'm. 
Define 

c  -  Inf  f ( y ) 

YCC(a) 

Since  (A^.f)  satisfy  P.S.,  then  c  la  a  ainiaiss  and,  of  course.  It  is  a  critical  value 

a 

of  f.  Moreover,  if  a  *  a*,  the  critical  points  of  f  are  distinct  since  they  belong  to 
different  connected  components. 

(b)  If  o^M)  “  0,  then  the  conclusion  follows  by  Theorem  4.3. 

s  ~- 

Otherwise  consider  the  universal  covering  space  K  — >  M.  Since  is  finite,  M  is 

compact.  Let  L(t)  “  L(t)  •  T»  for  every  t  €  [ 0,1 J.  Then  M  and  L(t)  satisfy  the 
asswptlons  of  Theorem  4.3.  Therefore  there  are  Infinitely  many  periodic  orbit 

of  L(t).  Clearly  »7k  is  a  periodic  orbit  of  Ut),  and  by  Its  construction  it  is 
homotoplcally  trivial.  n 
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